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I. INTRODUCTION
Recently, a new generation of light sources has come of age with the development of soft-x-ray free-electron lasers [1] . These sources deliver soft-x-ray radiation with intensities above 10 16 W cirr 2 in ultrashort pulses of less than 100 fs duration [2] , opening up new regimes of interaction between light and matter. Although their average pulse energy is limited typically to 10-50 /xJ [2] , their short pulse durations have made possible the demonstration of techniques such as single-shot diffraction imaging [3] and time-resolved holography [4] . Conventional soft-x-ray lasers (SXRLs), relying on population inversions from highly charged states in a plasma, store a greater amount of energy, resulting in pulses as energetic as 10 mJ [5] . The range of applications of SXRLs is limited, however, by their relatively long pulse durations (typically 100-200 ps) due to the narrow spectral width of the soft-x-ray laser line, though SXRL pulses as short as ~2 ps have been reported [6] . Here, the possibility of generating ultraintense (>10 16 W cirr 2 ), ultrashort (sub-100-fs) pulses using the scaled-down architecture of plasma-based amplifiers is studied. The proposed scheme uses suitably engineered plasma to amplify an initially relatively intense, very large bandwidth (Av/v ~ 0.01, v being the laser frequency) Gaussian pulse of high harmonic (HH) radiation-the "seed." Such a scheme has already resulted in saturated amplification of HH seeds using plasma amplifiers generated from gaseous [7] and solid [8] targets and, very recently by Wang et al. [9] , in measured pulse durations of ~1 ps. In this article, we briefly revisit spectral lineshape theory and benchmark a model to predict linewidth with experimental results of Koch et al. [10] . Using this model, we investigate plasma conditions and laser parameters necessary to keep the seeded beam duration close to and below 100 fs after amplification.
To determine the duration of unseeded SXRL pulses produced with quasi-steady-state schemes [11] , streaked measurements record emission over several gain lifetimes. For Fourier-limited cases-such as those obtained in transient pumping [12] -emission during approximately only one gain lifetime is amplified and there is a direct inverse relationship between pulse duration and spectral bandwidth. The dominant broadening mechanisms under conditions required for SXRL operation are generally Doppler and collisional. Doppler broadening is inhomogeneous and results in a Gaussian profile (assuming the emitting ions have a Maxwellian velocity distribution). Collisional broadening is homogeneous and has a Lorentzian profile in the impact approximation [13] .
Inhomogeneous broadening, in the absence of significant homogeneous broadening, causes a rebroadening of the line profile after saturation. However, saturation rebroadening has never been observed experimentally in typical laser-produced plasmas of relevance to this work (i.e., in those with a reasonably high mean charge state and-hence-electron density) [14] , but it has been observed to increase in noble gas laser transitions when the interatomic collision frequency is reduced [14, 15] . This suggests that collisional redistribution of velocity acts to homogenize the otherwise inhomogeneous Doppler broadening, destroying the rebroadening mechanism.
Furthermore, even if the linewidth of the amplifying transition were to rebroaden to its original extent following saturation, to produce sub-100-fs pulses with conventional plasma gain media via Doppler broadening alone would require ion temperatures in excess of 1 keV (and the ions required for lasing at soft-x-ray wavelengths are necessarily relatively heavy). Additionally, the presence of even relatively slight homogeneous broadening due to electron-ion collisions appears to be extremely deleterious to rebroadening due to the dominance of the associated Lorentzian distribution in the wings of the profile [16] . To reach the ultrashort, ultraintense regime using plasma-based amplifiers, therefore, requires collisional broadening (we do not consider isotopic broadening [17] ). Unfortunately, there is a limit to how far conditions within soft-x-ray lasing media can be tailored to maximize collisional broadening because gain is destroyed through collisional deexcitation of the upper lasing level at high electron densities. Nevertheless, seeding makes it possible (and is the only way) to overcome gain reduction due to increasing the linewidth of the amplifying transition to reach the ultrashort regime. Seed injection also allows the spatiotemporal characteristics of the plasma amplifier to be more fully exploited.
II. MODELING
The rate of change of intensity of radiation propagating unidirectionally through plasma gain media can be expressed as [10, 18] dl (v,z) dz
where I(v,z) is the intensity at frequency v at a distance z into the medium and I s , jo, and go are the saturation intensity, emissivity, and small-signal gain coefficient at line center, respectively. S(u) is the value of the inhomogeneous component of the profile at frequency u and <f>{v,u) is the value of the homogeneous component of the profile (both profiles being area normalized) centered on u at v
Here, v G is the inhomogeneous full width at half maximum (FWHM) and Av L is the homogeneous FWHM. V(v 0 ) is the Voigt profile resulting from the convolution of independent homogeneous and inhomogeneous broadening mechanisms evaluated at the central frequency. It is given by
Equation (1) is valid for plasma conditions that are independent of time, which is the case when the transit time of the x-ray laser through the plasma is shorter than hydrodynamic time scales. It is also valid for amplifiers pumped by traveling waves, as used in modern transient schemes to minimize energy requirements [19] , provided the local plasma conditions "seen" by the plasma do not change as it progresses through the medium. To benchmark our gain bandwidth calculations, we refer to work by Koch et al. [10] making use of a quasi-steady-state pumping scheme and measuring the intensity and spectral width of a 20.6 nm neonlike Se laser pulse as a function of distance into the plasma amplifier. Although this work was performed quite some time ago, to the best of our knowledge it remains the only test case with which linewidth predictions can be compared. We use Eq. (1) to model the radiative transfer process and make comparisons with the results obtained experimentally by Koch et al. For the plasma of their experiment, they determined the electron density to be ~4 x 10 20 cirr 3 , the electron temperature to be ~900 eV, and the ion temperature to be ~400 eV. Under these conditions, the Gaussian component of line broadening due to Doppler broadening is 36 mA.
A full quantum-mechanical treatment of coUisional line broadening is formidable [20, 21] . It requires not only cross sections for excitation and deexcitation out of the upper and lower levels defining the lasing transition to every other possible level, but quantum mechanical probability amplitudes for elastic scattering from both the upper and lower states of the transition into every solid angle [21] . Instead, we make use of the impact approximation originally proposed by Lorentz [22] (which considers each collision with the radiating ion to result in a complete disruption of the wave train and loss of phase) and equate the FWHM in angular frequency units to twice the electron-ion collision frequency [13, 23] . This approximation agrees with quantum mechanics if assumptions are made that are reasonably justifiable under conditions suitable for and when considering XRL operation [20] . It is applicable when the time between electron-ion collisions x e -i greatly exceeds the collision duration t d , so that the target is effectively interacting with one perturber only at any one time
V e -i
Here, v e -i is the electron-ion collision frequency [23] . Accordingly, this is valid for most electron-ion collisions. A rough estimate for t d can be obtained by dividing the distance between ions by the mean electron speed (i.e., by assuming that a collision is continuing to take place throughout the time the electron remains within the volume of the ion sphere). This approach, however, neglects the long-range character of the Coulomb force. An alternative reasonable definition is the Debye length X D divided by the electron speed
Here, v e is the electron velocity, e 0 is the vacuum electrical permittivity, m e is the electron mass, n e is the electron density, and e is the electronic charge. A more rigorous estimation is not necessary as it is generally safe to assume ions cannot be influenced at all by electrons farther away than a Debye length (certainly at the sort of temperatures and densities of relevance to this work). Therefore, any inaccuracies introduced by using the simple expression of Eq. (6) can only result in an overestimation of the collision duration and so cause us to err on the side of caution when determining the validity of the impact approximation using Eq. (5). Electron temperature has no direct bearing on the collision duration when defined in terms of the Debye length in this way as it cancels.
III. RESULTS
A Lorentzian linewidth of 23.5 mA is predicted using this treatment under the conditions of Koch et al. [10] . Koch et al. obtained values for g 0 , j 0 , and I s iteratively until a best fit to a plot of intensity versus distance using Eq. (1) was identified. They were estimated to be 5.5 cirr 1 , 1.5 x 10~9 W cm -3 Hz -1 , and 1.7 x 10~4W cm -2 Hz -1 , respectively. In of collisional redistribution of velocity. Raw and reduced experimental data points are plotted as originally presented. We note that, although the transit time through this plasma is ~200 ps, and this is long compared to typical time scales for hydrodynamic evolution, agreement with experiment is generally very good. In particular, the resulting intrinsic linewidth of 50 mA agrees with that obtained by Koch et al. through extrapolation of the reduced data to 0 cm. This affords confidence in our theoretical model.
Under the conditions of the Koch et al. experiment without seeding [10] , the resulting amplified beam has a spectrally integrated intensity of ~5.0 x 10 8 W cirr 2 and the spectral bandwidth has narrowed to ~13 mA after propagating 3 cm into the amplifier. It is noteworthy that for a Fourierlimited beam, this bandwidth corresponds to an unprecedented sub-500-fs duration. However, streak cameras measured an emission duration of ~250 ps [10] , consistent with the long duration of the heating pulse. This confirms that significant gain persisted throughout the heating period and that the x-ray laser pulse resulted from many trains of amplification.
A study of the effects of electron density and temperature on spectral linewidth indicates that 100 fs and shorter duration pulses are attainable with optimized but realistic plasma parameters-for instance, twice the electron density and half the electron temperature of the Koch et al. experiment [10] (i.e., 8 x 10 20 cirr 3 and 450 eV, respectively). We estimate go and I s under these revised conditions to be ~60% of and ~4.5 times the original values, respectively. (We did not re-estimate jo as the seeding levels presented in Figs. 2 and 3 are so great as to render it insignificant.) These values are obtained by constructing simple rate equations to estimate the new level populations assuming steady-state conditions (as also assumed by Koch et al). The collisional rates required for this for optically allowed transitions are estimated using oscillator 
Equation (7) gives the rate of collisional excitation between levels Ri^u, in units of cm 3 s _1 . Here, E H is the first ionisation potential of H, k B is the Boltzmann constant, /;_>" is the oscillator strength for the transition concerned, and y is the ratio of the transition energy to the electron temperature T e . A limiting value of 0.2 for the Gaunt factor G(y) for transitions between different quantum shells when y > 1 was proposed [24] . This was used to obtain the rates between the ground state (2p 6 ) and the lower lasing level (2p 5 3s 1 ). For transitions within the same quantum shell, a limiting value of 0.8 was used as this was found by later work to give reasonable results [25] . For the lasing transition between the 3p and 3s subshells at 450 eV, y = 0.13 and a value of 0.45 was obtained in this case by interpolation. Work showed that the van Regemorter formula is reasonably accurate for transitions within the same quantum shell [24] , but there is doubt about its accuracy for transitions between shells [25] . In the present case, however, the only transitions between different shells for which it is used are collisional excitation and deexcitation between the lower lasing level and the ground state. As the rate of radiative decay to the ground state from the lower lasing level, given by the Einstein A coefficient, dominates collisional rates between these two levels (as is required for lasing), any resulting loss of accuracy should not be too significant. In support of this, we note that the rate of radiative decay to the ground state from the lower lasing level is almost 5000 times greater than the collisional rate under the original conditions of Koch etal. [10] , yet we are only considering a doubling of the electron density and halving of the electron temperature. Under the revised conditions, the rate of radiative decay to the ground state is ~ 1800 times greater than the collisional deexcitation rate. This was calculated by first recalculating the excitation rate by, in turn, recalculating the product of the excitation rate coefficient and ion density, multiplying this by 2 to account for the doubled electron density, and then applying the principle of detailed balance to obtain the inverse rate [24] . [Note that there is a typographic error in Eq. (4.6.2) of Ref. [24] used to apply the principle of detailed balance as there should be no minus sign in the exponent.] For the dipole-forbidden transition between the ground state and upper lasing level, the excitation and deexcitation rates under these revised conditions were obtained using the Eissner-Seaton formula [26] (with the statistical weight of the lower level-i.e., the ground state-equal tol)
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• exp(-;y)lV (8) Here, Yi^. u is a measure of the collision strength, T e is in kelvin, and, once again, this expression gives the rate in cm 3 s _1 . A value for Yi^. u was obtained by equating the excitation rate given by Koch et al. for this forbidden transition to that obtained using Eq. (8) under the original conditions. The collisional broadening contribution to linewidth under the revised conditions is predicted to be ~50 mA and the time between collisions is over two orders of magnitude greater than the collision duration as defined by Eq. (6).
The resulting pulse linewidth and peak intensity predictions are shown in Figs. 2 and 3 , respectively, under both the original Koch et al. conditions [10] and our revised conditions of twice the electron density and half the electron temperature for a range of seeding levels. We first consider the revised conditions with a seed intensity of 0.017, (= 7.5 x 10~6 W cm -2 Hz -1 ). This is equivalent to an integrated intensity of 1.2 x 10 9 Wcirr 2 and to an energy of ~0.1 nJin a 10 fs pulse of 30 /xm diameter. The pulse shape as a function of time for this scenario is shown in Fig. 4 . The spectral FWHM of the pulse has narrowed to ~30 mA after traveling through the plasma and the corresponding Fourier-limited duration is ~100fs; the pulse intensity increases by over two orders of magnitude to ~1. Wavelength (nm) 21.6 .J. \ [27] show that the revised conditions are obtained over a lateral extent of ~30 /xm at ~400 ps after the peak intensity of double-sided irradiation of a 0.15-/xm-fhick Se foil by long wavelength (1.315 /xm) pulses of ~250 ps FWHM and ~2 x 10 13 W crrr 2 intensity. This is shown in Fig. 5 . Using half this pumping pulse intensity, a very similar electron density and temperature profile is predicted over the same lateral extent ~250 ps after peak long wavelength irradiation (of the same wavelength and, again, double-sided) of a 3-mm-wide Se foil of 0.05 /xm thickness with 150ps FWHM duration pulses. (Uniformity and temperature increase as foil thickness decreases.) As in the Koch et al. experiment [10] , this second scenario requires U pumping (~6 U), but a final intensity in excess of 10 16 W crrr 2 is predicted on focusing less stringently an initial 0.017, seed down to 1 /xm 2 and the energy of the output pulse is predicted to be of the order of tens of /xJ. It is likely, however, that 13 W cm~2 intensity. The simulation was performed using the EHYBRID 1.5 D atomic physics and hydrodynamic fluid code [27] .
the energy required to form a region of given volume where such desired conditions exist could be reduced significantly using transient, multiple pumping schemes, especially with Ni-like plasma amplifiers. To maximize validity, though, it was necessary to consider the same quasi-steady-state laser system used by Koch et al. Trie hydrodynamic conditions evolve faster than the transit time of the pulse through the (7-cm-long) plasma, so the pumping pulse wavefront would have to be angled accordingly. This initial seed intensity over a 3 mm x 30 /zm area equates to 10 nJ in a 10 fs pulse. We note that Zeitoun et al. [7] inferred a seed energy of 35 nJ from their experiment and much greater seed energies have been reported in the literature [28] .
It is expected that the uniformity of the gain region could be increased significantly by tamping the Se target on both sides (by CH, for instance) [29] . With a seed pulse of 0.1 I s intensity under the revised conditions, sub-100-fs pulses (~80fs) of slightly higher intensity (~2 x 10 11 W crrr 2 for the unfocussed beam) are predicted. There is little point in seeding at much greater intensities than this, however, when gain is as low as this and when the bandwidth of the seed so greatly exceeds that of the amplifying transition as the increase in spectrally integrated intensity with plasma length becomes minimal.
We also note that, under our revised conditions, Eq. (1) (which considers intensity only) is expected to predict the same results as the much more involved and less physically intuitive density matrix equations [30] (which take account of electric field phase and amplitude also). This is because, although we are considering very short pulses, the relevant time scale is still long compared to the inverse of the Rabi frequency [30] £2 for the electric fields we consider here. Additionally, the collisional (and Doppler) components of the amplifying transition linewidth exceed (greatly) the natural component [31] . Furthermore, as Loudon states [31] , the effective equivalence between the rate and density matrix equations is "most easily studied" in the limit of low intensity when Q 1 oc / -c yy sp , where y is the total line broadening and y sp is the natural component due to spontaneous emission. For the example we give of seeding at 0.01 I s under the revised conditions, because of the extent of collisional broadening, this condition is also satisfied using the results of Safronova et al. [32] . The ultrahigh intensities result from focusing down to close to the diffraction limit after the seeded pulse has exited the plasma amplifier.
IV. CONCLUSIONS AND DISCUSSION
Ultrashort pulses can be obtained over a single gain lifetime with sufficiently strong seeding. If, as in the case of the Koch et al. experiment [10] using a quasi-steady-state regime, the upper lasing level is being repeatedly repumped and the plasma amplifier is long, the overall output would consist of a relatively intense, short-lived pulse superimposed on a weaker, longer background due to amplified spontaneous emission (ASE). This weaker, longer background could, in principle, be overcome by the choice of pumping scheme. If the plasma amplifier is sufficiently short that conditions are steady over the time scale taken for traversal by the seeded pulse, a transient scheme with normal pumping could be used to limit ASE due to repumping. If not, a transient scheme with traveling wave pumping could be used (with the pumping wave approximately coincident with the progression of the seeded pulse) so that the plasma conditions in the reference frame of the pulse remain the same. In each case, a sufficiently intense pulse would effectively "bleach" the plasma as it progresses, depleting the gain in its wake.
Relying on collisional as well as Doppler broadening to produce ultrashort pulses is unorthodox, but it is predicated on results indicating that the plasma still functions as an amplifying medium under conditions more suited to boosting gain bandwidth than maximizing gain. HH seeding results in a pulse with a very large initial bandwidth, and more of this bandwidth is preserved (so the pulse duration decreases in the Fourier limit) as the seeding level is increased. The gain inferred by Koch et al. [10] of 5.5 crrr 1 is much less than that achievable routinely today [19] , and we conclude that ultraintense (above 10 16 W crrr 2 ), ultrashort (less than 100 fs) pulses could be obtained using this technique with much shorter plasma amplifiers.
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